Abstract. We construct a class of strongly indecomposable finite rank torsion-free groups that includes the rank-one groups, and develop a complete set of invariants for them and their direct sums.
homomorphism from Ax ® • • ■ ®A" to 0 and so can be written as K=\(ax,...,an)EAx®---®An: | q,a, = oj for suitable integers <?,. Replacing /I, by 17,/!, whenever q¡ ^ 0 we see that K can be written as a direct sum of a group of the form G(A'), where A' is an w-tuple of groups each equal to some A¡, and the direct sum of the remaining n -m groups A¡.
If the types r¡j of A¡ n /4 ■ are incomparable for distinct pairs {/, 7}, we call A an n-tuple of doubly incomparable subgroups of Q. Let C denote the class of groups that are isomorphic to G(A) for such an A. Taking « = 2, and Ax = A2 an arbitrary subgroup of 0, we see that C contains all rank-one torsion-free groups.
Given a doubly incomparable «-tuple A of subgroups of Q we construct two quantities. The first is a set of types TA ; the second is a matrix EA of integers and symbols -00, whose columns are indexed by TA, and whose rows are indexed by the primes. The set TA is a complete set of invariants for G( A ) under quasi-isomorphism (Theorem 1.3) . The matrix EA is determined by TA up to a finite number of entries, and together with TA forms a complete set of invariants for G(A) under isomorphism.
We will have occasion to employ three operations on an «-tuple A of subgroups of 0 that do not change the isomorphism class of G(A). The first,permutation, replaces A¡ by Aa(i) for some permutation o of (1,...,«}.
The second, scalar multiplication, replaces each A¡ by qA¡ for a fixed nonzero rational number q. We denote the resulting «-tuple by qA. Clearly, multiplication by q induces an isomorphism from Ax® ■■■ ®An to qAx® ■■■ ®qAn that takes G(A) isomorphically onto G(qA).
The third operation on A, called trimming, replaces each A¡ by A'¡ = A¡ D 2,#, Aj. As A'¡ is the image of the projection of G(A) into A¡, it is clear that G(A') = G(A). Moreover, A'¡ n A'j = A¡ n Aj so t£ = t¡J' whence Ä is doubly incomparable if A is.
We call A' the trimmed version of A and say that A is trimmed if A = A'. It is easy to show that A' is trimmed, and is, in fact, the largest trimmed «-tuple contained in A.
Let A and B be «-tuples of subgroups of Q. Call A and B equivalent if they can be made equal via a succession of trimmings, permutations, and scalar multiplications. An equivalence class of «-tuples may be thought of as a sort of multiple type. We shall show that the following three conditions are equivalent if A and B are doubly incomparable.
(1) A is equivalent to B, (2) G(A)is isomorphic to G(B), (3) TA = TB and EA = EB.
We have already observed that (1) implies (2). Theorem 2.1 shows that (3) implies (1), and Theorems 1.3 and 2.3 show that (2) implies (3).
In §3 we consider the case where each type in TA is the type of a subring of 0; in this case we can replace EA by an «-tuple of positive integers. In §4 we consider groups that are quasi-isomorphic to groups in C and show that if, at each prime, K is isomorphic to some group in C, then K is in C (Theorem 4.4). This result, in conjunction with Theorem 1.5 which states that the endomorphism rings of groups in C are subrings of 0, implies that the class of direct sums of groups in C is closed under the taking of summands. In §5 we apply the general theory of [AHR] to get a complete set of invariants for direct sums of groups in C.
1. Types and quasi-isomorphism. Let A be an «-tuple of subgroups of 0. Let t/ = sup{T^: j ¥= i) = type(A¡ D 2j¥liAj), and let TA = {r¡A: i = 1,...,«} where we think of TA as a multiset if some of the r¡ are equal. If A is doubly incomparable we shall show how to compute TA from G(A), and show that TA forms a complete set of invariants for G(A) under quasi-isomorphism. For I a nonempty subset of {1,2,...,«}, let t,a be the infimum of [r¡A: i G 7}. When there is only one «-tuple A under consideration, we will suppress the superscript A on t/4. First we show how to retrieve the set of r¡ ¡ from the type set of G( A ). Theorem 1.1. If A is an n-tuple of subgroups ofQ, then the type set ofG(A) consists of all t, with card I > 2. Thus, the maximal elements in the type set of G(A) are precisely the t,■ •.
Proof. The type of an element x of K is the infimum of the types of those A¡ in which x has a nonzero coordinate. As the sum of the coordinates of x is zero, x cannot have precisely one nonzero coordinate. As C\¡eIA¡ is a nonzero subgroup, there is an element x in K such that x has a nonzero coordinate in A¡ if and only if i El. D
If A' is a group and t is a type then K(t) = [x E K: type(x) > r).
Lemma 1.2. Let A be a doubly incomparable n-tuple of subgroups of Q, let K = G(A) and let M be the set of maximal types of elements of K. Let t and r' be two distinct types in M. Then K(t) + K(t') contains an element of type r" in M distinct from t and r' if and only if t = ij ■ and t' = r¡k for some i, j and k.
Proof. On the one hand, K(t¡j) + K(r¡k) contains an element of type Tilc. On the other hand, if the pairs {/, j) and {k, I) are disjoint, then the nonzero elements of K(t,j) + K(Tkl) have type rtj, rkl or inf (T,;, jkl) . Proof. Suppose /', TH. By trimming and permuting A and B we may assume that B¡ = q:A, for some rational numbers </,. and we can then further assume that the q, are integers. Then G(B)EG (A) and G(A)/G(B) C iAx/qxAx) ® ■ ■ ■ ® (A"/q"AH) which is bounded by qxq2 ■ ■ qn.
Conversely, if G(A) and G(B) are quasi-isomorphic, then they have the same set M of maximal types. Call two distinct elements of M overlapping in G(A) if they satisfy the condition of Lemma 1.2. As G(A) and G(B) are quasi-isomorphic, two elements of M overlap in G(A) if and only if they overlap in G(B). The set TA = TB consists of the suprema of maximal sets of pairwise overlapping elements of M. D
The following example shows that the requirement that A and B be doubly incomparable in Theorem 1.3 cannot be removed, and suggests the problem of finding conditions on TA that allow TA to be read from (the quasi-isomorphism class of)G(A). Example 1.4. Ler px, p2, p3 and p4 be distinct primes, and let R¡ denote the ring generated over the integers by \/p¡, and Rtj denote R¡ + Rj. Let A = (RX2, R34, RX4, R23) and B = (RX2, R34, RX3, R24).
Then A and B are trimmed 4-tuples of subgroups of 0 such that TA ¥= TB, but we shall show that G(A) and G(B) are isomorphic. It suffices to show that GiA) is isomorphic to Rx® • ■ ■ ®R4 modulo the subgroup generated by (1,1,1,1). Map Rx® ■■■ ®R4 to GiA) by taking (w, x, y, z) to (w -x, y -z, -w + z, x -y). The only difficulty is showing that this map is onto, and this can easily be done by localizing at each prime. D If 5 is a set of types, we let KiS) = 1TesKir). If we let t+ denote the set of types greater than t, then ÄTt+ ) is ä"*(t) in the usual notation. We denote the smallest type in a group K by 0. The following theorem shows that the groups in C are ¿?0-groups, that is, #(t+ ) is pure for any type t [ARNL, p. 14] . Theorem 1.5. Let A be a doubly incomparable n-tuple of subgroups of Q and K = GiA). If"t is a type, then a^(t+ ) = 0 ifr = t, for some i and], = K(t) otherwise.
Proof. As the TtJ are the maximal types of elements in K, the first assertion is clear. If no element of K has type precisely t then the second assertion is clear. Otherwise K(t) = G(A'), where A' = [A,: i E I) for some subset 7 of (1"...,«} of cardinality at least three, so it suffices to show that A^(0+ ) = K. We shall show that K(0+) = K for each prime/). Let (ax,...,an) be an element of K and choose i ¥=j such that (A¡) E (Aj)p. For notational convenience we assume z = 1 and 7 = 2. Then (ax,a2,...,a") = (ax,-ax,0,...,0) + (0, ax + a2, a3,...,an).
The first term is in K(rx2) E K(0+)p and the second term is in K(0+)p by induction«. D The requirement that A be doubly incomparable in Theorem 1.5 cannot be dropped in light of the following example. Example 1.6. Define the 3-tuple A of subgroups of Q as follows. Let Ax be the ring generated by {-, let A 2 be the ring generated by y, and let A3 be 5 times the ring generated by ¿. Then K = G(A) is not a 50-group because K(0+ )5 is generated by (5,0,-5) and (0,5,-5) over the integers localized at 5, but À'contains (1,-1,0). Note that A is trimmed and K is quasi-decomposable. D The next theorem shows that the groups in C are candidates for the global Azumaya theory developed in [AHR] . Theorem 1.7. If A is a doubly incomparable n-tuple of subgroups of Q and K = G(A), then the endomorphism ring of K is [x E Q: xA¡ E A¡ for i = 1,...,«}.
Hence, K is strongly indecomposable.
Proof. Let p be an endomorphism of K. As K(jtJ) s= A¡ n A} is fully invariant, p is multiplication by x¡¡ on K(t¡j) where x,y is a rational number such that x¡JA¡ E A¡ and x¡ A, E Aj. If i,j and /< are distinct, then K(r:j) has nontrivial intersection with K(j¡j) ® KÍTjk). Thus x¡j = Xjk = xik, so <p is multiplication by a fixed element x such that xA¡ E A, for i = 1,...,«, on A'(0+ ) = K. D As TA determines the quasi-isomorphism class of GiA), we should be able to find necessary and sufficient conditions on TA for GiA) to be strongly indecomposable. More specifically, these conditions should be on the structure of the lattice generated TA. 2. The isomorphism invariants. For x a nonzero rational number, and p a prime, we let vpx denote the unique integer m such that x = pma/b where a and b are integers that are not divisible by p. If A = iAx.An)
is an «-tuple of subgroups of 0, and p is a prime, we set eA(i,p) = M{vpx:x EA¡).
Note that if 1 G A¡, then -eA(i, p) is the/»-height of 1 in A¡. Also observe that x is in (A¡)p if and only if vpx > eAii, p). Each e/4(z, p) is either an integer or -oo, and all but finitely many of them are nonpositive. The matrix eA completely determines A, and any such matrix is eA for some A.
We may think of the columns of the matrix eA as being indexed by TA rather than by (1,...,«} so that eA becomes independent of the particular ordering of the «-tuple A. If TA is a multiset, a case we are not particularly interested in, then there are minor technical problems in indexing eA by TA which we shall let the reader resolve. To construct the invariant EA we let Ä be the trimmed version of A and set Ea(t, p) = eA,ir, p) -min{eA,(a,p): a E TA and eA,(a,p) ¥= -oo}.
Thus the/>th row of EA specifies the relative positions of the groups iA¡)p in 0.
Recall from the introduction that two «-tuples of subgroups of 0 are called equivalent if they can be made equal by a series of permutations, trimmings, and scalar multiplications.
Theorem 2.1. Let A and B be n-tuples of subgroups of Q. If TA = TB and EA = EB, then A is equivalent to B.
Proof. We may assume that A and B are trimmed. As TA = TB we can, by permuting B, assume there are rational numbers q¡ so that B¡ = q¡A¡. Multiplying A by a suitable rational number we may assume that the q¡ are integers, that vpq¡ = 0 if Ea(t¡, p) = -oo, and that v q¡ = 0 for some i such that Ea(t¡, p) is finite, unless Ea(t¡, p) = -oo for all i. If after all that we have vpq¡ > 0 for some z, then we can find y such that Ea(tj, p) is finite and vpqj =£ vpq¡. Proof. The group in question is isomorphic to KiTX3)p/iKirl3)p n ATt,2, r23) ). The Kít¡j)p are cyclic Z^-submodules of iAx ® A2 ® A3)p. If v qtj = sup(^(z, p), eAij, py), then we have
where vpr = sup{eAii, p): i = 1,2,3} so K(Tn)P n ^(Ti2> 72-i)p = PmK(T\3)P where m is as described. □
We want to compute EA from GiA). A prime p is called relevant for A if t, is finite at p for at least two values of i. Up is not relevant for A, then EAir¡, p) = 0 if r¡ is finite at p. If t, is infinite at any prime p, then Ea(t¡, p) = -oo. If « = 2, then all finite entries of EA are 0. Thus it suffices to compute Ea(t¡, p) when « > 3 and p is relevant and r¡ is finite at p. Theorem 2.3. Let A be a doubly incomparable n-tuple of subgroups of Q with « > 3, let p be a relevant prime, and let K = GiA). If t, is finite at p, then EAir¡, p) is the supremum of the exponents of the cyclic groups K( Tij > Tik » Tjk )P/K( T,j > Tik )p where j and k range over elements of {1,...,«}, different from i and from each other, such that either t, or rk is finite at p.
Proof. Let p¡ denote the supremum in question. We may assume that A is trimmed and, by multiplying A by a suitable power of p, that eAil, p) = Eaít¡, p) for all /. If the pair y, k is used in forming the supremum, then either eAij, p) or eAik, p) is nonnegative, so by Lemma 2.2 we see that ju,, < eA(i, p). Moreover, if £/)('> P)> 0» men there exist y and k different from z and from each other such that eAij, p) and eAik, p) are either 0 or -oo, and at least one is 0, so u, = eA(i, p). □
The following theorem characterizes those pairs T and E that are the invariants for some group in C. Theorem 2.4. Let n>2 be an integer, T a set of « types, and E a matrix of integers and symbols -oo whose columns are indexed by T and rows are indexed by the primes. Then there is a doubly incomparable n-tuple A of subgroups of 0 such that E = EA and T = TA if and only if the following conditions hold.
(1) The pairwise Ínfima of types in T are incomparable.
(2) r < sup{V G T: t' t^ t} for each r in T. (4) Each row of E has at least two elements, and the least finite element, if any, is zero.
(5) If B is an n-tuple of subgroups of Q such that TB = T, then for all but a finite number of primes p there is an integer k such that E(, p) = e B(, p) + k.
Proof. Suppose E = EA and T = TA. We may assume that A is trimmed. The first condition holds because A is doubly incomparable; the second follows from the definition of the t,; the third, fourth and fifth from the definition of EA. Conversely, suppose these five conditions hold. Because of condition (2) we can find B satisfying the hypotheses of condition (5). We may assume that B is trimmed, so every row of eB has at least two least elements. Let S be the finite set of exceptional primes of condition (5). Replacing each B¡ by q¡B¡ where each q¡ is divisible only by those primes in 5 we may assume that eB(, p) = E(, p)by condition (3). Set A equal to the resulting B. Then condition (4) assures that E = EA and condition (1) (3) If q¡ is divisible by the prime p, then pA¡ =£ A¡ and pAj ^ Ajfor some j ¥= i.
Proof. As TA = TB, and A is an «-tuple of rings, eB has only finitely many entries different from 0 or -oo. There exist unique positive integers qx,...,qn such that q¡ is not divisible by p if pA¡ = A¡ and setting B' = (qxAx,... ,q"An) we have eB, = EB.
That the q¡ satisfy the required conditions follows from the properties of EB; and since EB = EB, we have G(B') s G(B). D If we further restrict TA to consist of finitely generated subrings of Q, then each A¡ is specified by the finite set P¡ of primes that are in vertible in the ring R¡ of the same type, and an integer q¡ such that A¡ = q¡R¡. Thus G(A) is presented by specifying the finite sets Px,...,Pn and the integers qx,. ..,q". It then makes sense to ask if there is an algorithm for deciding whether G(A) is isomorphic to G(A'). In fact, Theorem 3.1 provides a simple algorithm for making that decision: we reduce the «-tuple qx,...,qn to the normal form defined in that theorem. Now an arbitrary pure subgroup H of Rx ® • ■ ■ ®Rn may be specified by a matrix of integers {qij) by setting H = {(ax,...,an): 2 <7,7o, = 0 for all z'}. Does there exist a (good) algorithm for deciding when two such subgroups are isomorphic? 4. Local closure. Two torsion-free groups G and H are isomorphic at a prime p if G can be imbedded as a subgroup G' of H such that H/G' is bounded by an integer not divisible by p. Let C be a class of groups whose endomorphism rings are subrings of Q, and let A' be a group. Then the following are equivalent [AHR, Lemma 3.1].
(1) For each prime p there is a group in C that is isomorphic to K at p. (2) The endomorphism ring of A' is a subring of Q and K is isomorphic to a summand of a finite direct sum of groups in C.
If either of these two conditions holds we say that K is locally in C. We say that C is locally closed if, whenever K is locally in C, then K is in C. If C is locally closed, then summands of direct sums of groups in C are direct sums of groups in C [AHR, Theorem B].
We shall show that the class C of groups isomorphic to G (A) for some doubly incomparable «-tuple A of subgroups of 0, is locally closed. Given K locally in C we may restrict our attention to groups that are quasi-isomorphic to K. Every rank-one group is in C, so we need only consider groups of rank two or more. As ATt) is an additive functor of K, the local closure of the rank-two groups in C follows from the following theorem. Proof. Let m be the index of K in G = G(A). We may assume that A is trimmed, and that the/zth rows of eA and EA are the same for each prime p dividing m. If p is a prime dividing m then, by replacing A¡ by p~'A¡ if necessary, thereby possibly changing m but not the set of primes dividing m, we can arrange for eA(i, p) to be 0 or -oo for each prime p dividing m and all i.
If H isa subgroup of G such that G/H = Zp® Zp then H = pG. Thus there is an integer « so that K E nG and nG/K is cyclic. Hence we may assume G/K is cyclic.
If some irrelevant prime p divides m, then the order of G/pG does not exceed p, so K E pG. Thus we may assume that no irrelevant prime divides m. So we can write K as K = ((a,, a2, a3) E G: m\sxax + s2a2 + s3a3) where 0 < s(-< w. For i,j, k, a permutation of 1, 2, 3, let qk be the GCD of s¡ -Sj and m. Then K(t¡j) = (m/qk)G(r¡j). Suppose the s, are all congruent modulo some prime p dividing m. As ax + a2 + a3 = 0 we may assume that the s¡ are all congruent to 0 modulo p. But then a'would contain (m/p)G and so G/K would not be cyclic of order m. Thus the qk are pairwise relatively prime and K(0+) E (m/qxq2q3)G.
We may assume that sk = 0. If (ax, a2, a3) G K, then s¡a¡ + Sjüj is divisible by m. As q¡ divides Sj and «z, and q¡ and s, are relatively prime, we have q¡ divides a¡. Therefore, KEK' = {iax, a2, a3) E G: a¡ E q¡A¡fori = 1,2,3}.
As qx and q2 are relatively prime we can find integers x and y such that xqx + yq2 = 1. Hence ixqx, yq2,-\) is in G at all primes dividing m, and has order q3 modulo K'. Repeating this argument we see that G/K' has order at least qxq2q3. In particular, if K(0+) = K, then qxq2q3 = m, so K = K'. The "only if" follows from Theorem 1.5. D Theorem 4.1 does not extend to the class « = 4 as the following example shows. Example 4.2. Let A be a doubly incomparable 4-tuple of subgroups of Q and let p be a prime such that eAii, p) = 0 for i = 1,...,4. Then there is a subgroup K C GiA) of indexp such that K = A(0+) but Ais not isomorphic to GiA') for any A'.
Proof. Define K to be K= {(ax,a2,a3,a4) E G(A): p\ax + a2).
The /7th row of EA, computed from K by Theorem 2.3, is (1,1,1,1) which is not possible, so K cannot be isomorphic to G(A') for any A'. To see that K(0+) = K, it suffices to show that K(0+)p = Kp as Kq = G for q^p. But (1,-1,0,0), (0,0,1,-1) and (0, p,-p,0) are in K(0+) and generate Kp over Zp. D Despite the fact that there are groups K with K = K(0+) that are quasi-isomorphic to a group in C but not isomorphic to such a group, it is still true that C is locally closed. To see this we first establish the following Proof. Suppose that, for each prime/), there is a group in C that is isomorphic to K at p. By Lemma 4.3, there is a fixed group G in C that is isomorphic to K at each p. By [AHR, Lemma 3 .5] K is isomorphic to G. G Corollary 4.5. Let C be the class of groups G(A) where A is a doubly incomparable n-tuple of subgroups of Q. Then summands of direct sums of groups in C are isomorphic to direct sums of groups in C.
Proof. By Theorem 4.4 the class C is locally closed. The result then follows from [AHR, Theorem B] . D 5. The class of direct sums. As we have a complete set of invariants for groups in C, and the endomorphism rings of these groups are principal ideal domains, we can construct a complete set of invariants for direct sums of groups in C by utilizing [AHR, Theorem D] . A direct sum of groups in C may be specified by a family & of doubly incomparable tuples of subgroups of 0; we denote the direct sum of the groups G(A) for A in & by G(6L). We associate with & the multiset % = [TA: A E <£) and for each Tin ^& and prime/) the multiset &&(T, p) = {EA(-, p): A E & and TA = T) of functions from T to ZU {-oo}. Notice that the multiset Ss does not record the fact that the functions EA(-, p) and EA(-, p') come from the same A in &. Hence, we cannot recover the family {G(A): A E &), up to isomorphism, from Sg and Sa. This reflects the fact that nonisomorphic multisets of groups in C can give rise to isomorphic direct sums. (1) Each T in 5" has cardinality at least 2 and consists of types whose pairwise infima are incomparable.
(2) IfTE'öandrET, then r < sup{a: t =£ a G T). (3) IfTE 5 with multiplicity m ¥= 0, then &(T, p) has cardinality m, and if E(, p) is in S(T, /)), then (i) £(t, p) = -oo if and only if t is infinite at p, and (ii) E(, p) takes on its least value at least twice, and its least finite value is 0. (4) If B is an n-tuple of subgroups of Q such that TB = T, and k is a cardinal less than the multiplicity m of T in 5", then for all but a finite number of primes p the function EB(, p) appears more than k times in&(T, p).
Proof. The necessity of the first three conditions follows immediately from Theorem 2.4. To see that condition (4) is necessary, suppose there are infinitely many primes such that EB(, p) appears no more than k times in &(T, p). Then there are m elements A of & such that TA = T and EBi-, p) # EA(, p), contradicting Theorem 2.4, condition (5).
To show sufficiency we may assume that 9" consists of a single type T with multiplicity m. Because of conditions (1) and (2) we can choose a doubly incomparable «-tuple A of subgroups of 0 such that TA = T, and by Theorem 2.4 we can arrange for eA(, p) to be a specified element of &(T, p) for a finite number of primes p. Using condition (4) we can collect such A into the required family <$.. D
